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Chapter 5 

 

Covariance Data for Cross Sections.  Different Sets Used and Main Characteristics 

 
 

5.1  Introduction 
 
     The covariance of a nuclear data set is one of important parameters in the cross-section adjustment 
procedure.  Generally, the covariance matrix1 of a scattered data set, xi (i=1,n), is defined as follows 
(Ref.1): 
 
     Variance:                                                                                                                                  . . .  (5.1) 
  
             -->   Standard deviation (STD):                                                                                       . . .  (5.2) 
 
     Covariance:     
                                                                                                                                                       . . .  (5.3) 
 
             -->   Correlation factor (C.F.):        
                                                                                                                                                       . . .  (5.4) 
 
     The covariance matrix must be symmetric and possess positive-definite characteristics.  In this 
chapter, first, the current methodologies to evaluate the nuclear data covariance are briefly reviewed.  
Next, some of actual covariance data are illustrated and compared between JENDL-4.0 (J-4.0 hereafter, 
Ref.2,3), and COMMARA-2.0 (C-2.0 hereafter, Ref.4) which is to be used together with the ENDF/B-
VII.0 central values (Ref.5).  Finally, the effects of different covariance data on the adjusted results are 
surveyed and concluded. 
 
5.2  Methodology of Covariance Evaluation 
 
     The covariance data of a library should be evaluated in accordance with the methodology adopted in 
the library to obtain the central values of the nuclear data, which means that two covariance data of a 
cross-section in two libraries could be different even if the central value of the cross-section is identical, 
when the evaluation methodologies or the experimental data used are different with each other.  Here, 
typical methodologies to evaluate the covariance data are briefly summarized, according to the recently 
published covariance data such as J-4.0,  C-2.0, or ENDF/B-VII.1 (Ref.6~8). 
 
1) Generalized least-square method 
 
      If a plenty of the measured data are available to evaluate cross-sections in an energy range, the 
generalized least-square method with the GMA code (ANL, Ref.9) or the ZOTT code (IAEA, Ref.10)  
could be used to obtain the best-estimated cross-section values and their covariance data at once.  The 
very critical issue to utilize the experimental values for the cross-section evaluation is that the 
systematic and statistical uncertainties of the measurements must be distinguished and known 

                                                 
1 Covariance matrix is sometimes called as "Variance-Covariance matrix". 
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quantitatively, however, the knowledge on such measurement uncertainty would generally be very 
difficult to exactly obtain, according to D.L. Smith (Ref.7).  For example, in the evaluation of JENDL-
4.0 covariance for the fission cross-section of the major actinides in the high-energy range, the 
variances obtained with the simultaneous least-square fitting method using the SOK code (JAEA, 
Ref.11) were multiplied with a factor of 2 in order to take into account the hidden correlations among 
measurements (Ref. 3).   
 
2) Resonance region 
 
     To evaluate the covariance of the resolved resonance region for the major actinides such as U-235, 
238, and Pu-239, the results of the full scale R-matrix solution using such as the SAMMY code (Ref. 
12) are available.  The covariance data of the resonance parameters are usually too huge to 
accommodate in a library, therefore,  the resonance parameter errors and correlations are propagated to 
the cross-section covariance, i.e. File 33 in the ENDF format.  As mentioned in the generalized least-
square fitting case, the uncertainties of the computed cross sections by the SAMMY fitting were found 
to be unrealistically underestimated, although the uncertainties of resonance energies and widths 
seemed realistic.  Therefore, in the evaluation of ENDF/B-VII.1 covariance data, systematic 
uncertainties of background, normalization, scattering radius and other long-range correlations have 
been included in the analysis bringing computed cross section uncertainties to a more plausible level 
(Ref.8).  For the resonance region covariance of minor actinides, the structural isotopes or fission 
products, more simplified methods such as the kernel approximation (BNL, Ref.13), or the integral 
method (LANL, Ref.14) are applied, where some a priori uncertainty estimations of the resonance 
parameters such as those by Mughabghab (Ref. 15) are propagated to the cross-section uncertainty. 
 
3) Kalman-filter method 
 
     The basic idea of this method is to optimize the nuclear model parameters by the inclusion of the 
cross-section measurement information with the Bayesian parameter estimation.  In several libraries,  
the Bayesian code KALMAN (Kyushu Univ. & JAEA, Ref.16) is adopted to be connected with the 
theoretical nuclear model codes such as GNASH (LANL, Ref.17), EMPIRE (BNL, Ref.18), TALYS 
(NRG, Ref.19) or CCONE (JAEA, Ref.20).  The CONRAD code (CEA, Ref.21) also has the capability 
to evaluate the cross-section covariance by combining the Bayesian technique with the nuclear 
theoretical model parameters.  The largest advantage in the KALMAN technique is that even the 
uncertainty of the cross section in the energy or reaction for which no experimental data are available, 
can be estimated by extrapolating the obtained uncertainties of nuclear model parameters through the 
theoretical model.  On the other hand, the KALMAN tecqnique has some disadvantages such as the 
assumption of linearity through the model parameter sensitivities, the difficulty to take into account the 
deficiency of the adopted nuclear models themselves (Ref.22, 23), or the necessity of preparation for 
the prior covariance data of the model parameters.  Since the KALMAN method utilizes the 
experimental information, it is also unavoidable to suffer from the unrecognized correlation problem as 
well as other methods. 
 
4) Monte Carlo-based method 
 
     Recent increase of computer speed and memory made the inclusion of Monte Carlo (MC) 
methodology possible to evaluate the covariance of nuclear data as well as the best-estimated values 
(NRG, Ref.24, 25).  One of the advantage for the MC-based method is that it does not need the 
sensitivity of nuclear model parameters, which makes the method free from the assumption of linearity.  
The MC method, however, has not only the need of enormous computing time to obtain sufficiently 
small statistical errors, but the similar disadvantages with other deterministic Bayesian methods such as 
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the need of the prior model parameter uncertainty, shape and correlation for random sampling, the 
difficulty to take into account the deficiency of the nuclear models, and the quality and quantity of the 
cross-section measurements. 
 
5.3  Comparison of JENDL-4.0 and COMMARA-2.0 Covariance 
 
     The actual covariance data of  J-4.0 and C-2.0 are surveyed and compared.  As for the 11 isotopes 
treated in the SG33 exercise, that is, B-10, O-16, Na-23, Fe-56, Cr-52, Ni-58, U-235, -238, Pu-239, 
240, and -241, their covariance data are found to be rather similar between the two libraries, probably 
due to the use of similar evaluation methodology such as the full or simplified R-matrix analysis, the 
Bayesian estimation connected with some theoretical nuclear model codes, or the simultaneous 
evaluation for fission data of major actinides, etc.  Further, the cross-section measurement data to fit 
the nuclear model parameters are also quite common by referring the open database, that is, EXFOR 
(IAEA, Ref.26).   
     However, there are some isotope-reaction-energy regions where the covariance data of the two 
libraries are notably different.  Three examples are shown below: 
 
1) U-235 capture data in 3~300keV energy region 
 
     As seen in Fig.5.1, the standard deviation (STD) of C-2.0 is exactly ±20%, while that of J-4.0 is 
very small around ±2~4%.  Further, the correlations of C-2.0 are almost perfect positive, but those of J-
4.0 is partially.  The difference of the capture cross-section center values between ENDF/B-VII.0 and 
J-4.0 is around -10~+5% in this energy range.  From the references (Ref.4, 2), C-2.0 applied the 
Baysian code KALMAN with the GNASH code for the covariance evaluation, on the other hand, 
JENDL-4.0 used the generalized least square code GMA.   It seems not probable these two methods  
 

COMMARA-2.0JENDL-4.0
 

 
Figure 5.1  Comparison of JENDL-4.0 and COMMARA-2.0 Covariance (1/3) - U-235 Capture - 
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generate such large difference of the magnitude with each other, if both methods adopt the same 
experimental information.  It is desirable to investigate the detailed procedures and data two libraries 
used to evaluate the covariance in the fast energy region of U-235 capture reaction. 
 
2) Na-23 elastic scattering data around 2keV 
 
     At this energy, there appears a giant resonance peak which affects significantly the sodium-voiding 
reactivity in sodium-cooled fast reactor cores.  As found in Fig.5.2, the shape of STD is extremely 
different between two libraries, that is, the minimum STD value occurs at the cross-section peak 
energy in C-2.0, on the contrary, the maximum appears there in J-4.0.  With a simple consideration, the 
trend of C-2.0 seems more natural, since the larger cross-sections would be more accurate due to the 
small statistical error in the measurement.  The correlations are also quite different.  In the C-2.0 
covariance, the 2keV peak has no correlations with other energy2, while J-4.0 is partially positive 
above 100eV continuously.  The covariance of C-2.0 is evaluated by the EMPIRE/KALMAN 
combination, where the prior resonance model parameter uncertainties are derived from Mughabghab 
(Ref.15), on the other hand, J-4.0 applies the GMA code with some corrections to meet the measured 
cross-sections with the evaluated ones of J-4.0 which is based on the multi-level Bright-Wigner 
formula with rather old resonance parameter values recommended by BNL in 1981.   The cross-section 
difference between ENDF/B-VII.0 and J-4.0 is -17~+4% around 2keV, therefore, the difference of 
STDs might be reasonable if we take into account the corrections given to J-4.0 covariance. 
 

JENDL-4.0 COMMARA-2.0
 

 
Figure 5.2  Comparison of JENDL-4.0 and COMMARA-2.0 Covariance (2/3) - Na-23 Elastic - 

                                                 
2 This energy independency of 2 keV peak in the C-2.0 covariance is not well imagined from the general least-square 
analysis.  There might have been some special treatments for the covariance evaluation in this resonance peak. 
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3) Fe-56 elastic scattering data in 0.3~25keV 
 
     The central values of Fe-56 elastic scattering cross-section in the resonance region from 1.0E-5eV 
through  850keV are almost identical between ENDF/B-VII.0 and JENDL-4.0, since the resonance 
parameters adopted in both libraries are based on a common evaluation around 1990.  The covariance 
data of C-2.0 and J-4.0 were, however, independently evaluated.  In the C-2.0 covariance, the 
resonance region of Fe-56 up to 850keV were evaluated with the kernel approximation and data from 
Mughabghab (Ref.4), on the other hand, the covariance of J-4.0 were firstly estimated from the 
experimental data with the GMA code, then, the estimated variances were modified by considering the 
difference between the average of the experimental data and that of JENDL-4 (Ref.2).  The differences 
of the STD shapes and the correlations in Fig.5.3 might stem from these utterly different 
methodologies of their covariance evaluations, though the energy-averaged STD values seem rather 
similar with each other, that is, ±5.6% in C-2.0 and ±4.5~11% in J-4.0. 

 

JENDL-4.0 COMMARA-2.0
 

 
Figure 5.3  Comparison of JENDL-4.0 and COMMARA-2.0 Covariance (3/3) - Fe-56 Elastic - 

 
 

5.4  Effect of Different Covariance Data to Adjustment 
 
     As mentioned in Section 5.2, the central cross-section values and the corresponding covariance data 
of a library must be consistent in principle.  However, here we intentionally replace the covariance data 
used in the adjustment procedure with the same values of other parameters, especially the C/E values 
which completely depends on the central cross-sections, to depict the pure effects of the different 
covariance data to the adjusted results.  Three adjustment cases are surveyed as follows: 
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Case J: This is the reference adjustment case.  Cross-sections and covariance data  are both based on 

the JENDL-4.0 library (J-4.0, Ref.2, 3). 
Case B0: The covariance data in Case J are replaced with those of COMMARA-2.0 (C-2.0, Ref.4).  As 

the exception, the missing covariance data in C-2.0 below are substituted with those of J-4.0.  
The other adjustment parameters are identical with Case J. 

               - Mu-bar of U-235, -238, Pu-239, -240, -241, B-10, O-16, Cr-52, Ni-58,3 
               - Nu-d of U-235, -238, Pu-239, -240, -241.4 
Case B2:  The covariance data are only adopted from C-2.0.  No J-4.0 covariance data are 

supplemented.  The other adjustment parameters are identical with Case J. 
 
     To investigate the effect of different covariance data and its physical mechanism, we focus on the 
results of the criticality and the sodium void reactivity below: 
 
1) Criticality (keff) 
 
     Figure 5.4 compares the keff C/E changes of the three cases by the adjustment.  It is found that the 
adjusted C/E values of the three cases are almost identical for keff of small through large cores.  In 
detail, however, there are some differences between Case J and Case B0/B2 for the keff of the JOYO 
Mk-I core which contains the U-235 fuel as well as plutonium, while the other cores do not include U-
235 in fuel.  The use of C-2.0 shows better improvement of JOYO C/E values than J-4.0. 
     The nuclide- and reaction-wise contributions for the C/E changes of JOYO keff in the three cases 
are shown in Fig.5.5.  As seen, the contribution of U-235 capture cross-section is significantly different 
by 400pcm between the J-4.0 and C-2.0 covariance data.  Further, those of Na-23 and Fe-56 elastic 
scattering are even opposite in sign. 
     The reasons of these contribution differences could be inferred from Fig.5.6~5.8.  As for U-235 
capture case, the difference of STDs between C-2.0 and J-4.0 significantly affected the changing rate of 
the cross-section.  The small STD of J-4.0 must constrain the alteration of the cross-section by the 
adjustment.  The large STD of C-2.0 would allow the large changing rate of the U-235 capture cross-
sections to improve the C/E value of JOYO keff by the adjustment5.  The decrease of Na-23 elastic 
cross-section in C-2.0 would result in the increase of the neutron leakage from the JOYO core, i.e., the 
negative reactivity, on the contrary, the increase in J-4.0 would be the positive reactivity.  The effect of 
Fe-56 elastic contribution to JOYO keff could be explained with the same mechanism, where the 
changing rate of C-2.0 is constant in energy due to the strong positive correlations as seen in Fig.5.3. 
 
2) Sodium void reactivity 
 
     The adjusted C/E values of the sodium void reactivity in ZPPR-9 are shown in Fig.5.9.  All three 
cases improve the C/E values by 4-6%.  In detail, the C/E values of Case B0 seems a little better than 
those of Case B2,  the major difference of which is to adjust the delayed neutron data (Nu-d) or not.  
As seen in Fig.5.10, Nu-d of U-238 and Pu-239 certainly contribute to improve the reactivity C/E 
values, though the amount is rather small compared with those of other cross-sections such as U-238 
inelastic, capture or Na-23 inelastic cross-sections.  Table 5.1 summarize the uncertainties of Nu-d and 
the changing rates by the adjustment for the three cases.   

                                                 
3 the mu-bar covariance data of Na-23, Fe-56 are adopted from C-2.0. 
4 There are no nu-d covariance data in C-2.0. 
5 The change of C-2.0 might be consistent with the conclusion of WPEC/SG29, that is, the possibility of the U-235 capture 
overestimation in the ENDF/B-VII.0 library. 
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     When the reactivity parameters are included in the adjustment, Nu-d might be included in the 
adjusted data, since it has a certain amount of the sensitivity and uncertainty6.   
 

0.996

0.998

1.000

1.002

1.004

1.006

C
/E

 v
al

ue

Core

Before

Adjusted (Case J)

Adjusted (Case B0)

Adjusted (Case B2)

Exp.

Experimental uncertainty

Fig.5.5

 
     Figure 5.4  Change of C/E values by adjustment (1/2) - Criticality (keff) - 
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   Figure 5.5  Contribution to C/E changes by adjustment (1/2) - keff of JOYO Mk-I - 
 

                                                 
6 If we treat other reactivity data such as the control rod worth of ZPPR in the adjustment, the contribution will be quite 
important, since it was largely overestimated by both JENDL and ENDF in general. 
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Figure 5.6  Change of cross-sections by adjustment (1/3) - U-235, Capture - 
 
 
 
 

 

 
 

Figure 5.7  Change of cross-sections by adjustment (2/3) - Na-23, Elastic scattering - 
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Figure 5.8  Change of cross-sections by adjustment (3/3) - Fe-56, Elastic scattering - 
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     Figure 5.9  Change of C/E values by adjustment (2/2) - Sodium void reactivity of ZPPR-9 - 
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   Figure 5.10  Contribution to C/E changes by adjustment (2/2)  
- Sodium void reactivity of ZPPR-9 (Step5) - 

 
 
 
 

Table 5.1  Chang of delayed neutron data (Nu-d) by adjustment 
 

Fission 
isotope

Standard 
deviation 

(%)

Change by adjustment

Case J Case B0 Case B2

U-235 2.7 % +0.00 % +0.00 % -

U-238 3.4 % -0.49 % -0.37 % -

Pu-239 4.4 % -0.41 % -0.30 % -

Pu-240 4.9 % +0.00 % +0.00 % -

Pu-241 5.0 % +0.00 % +0.00 % -
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5.5  Concluding Remarks 
 
     From the surveys on the covariance data in this chapter, following points could be concluded. 
 
-  In the past decades, the great efforts have been performed to develop the evaluation methodology of 

the covariance data all over the world.  The latest libraries such as JENDL-4.0, COMMARA-2.0 or 
ENDF/B-VII.1 supply the excellent covariance data for the users from the viewpoints of both quality 
and quantity.  However, it is also true that there are plenty of rooms to improve the covariance data, 
not only the evaluation methodology but the quality of the measurement data used, for example, the 
precise inclusion of complicated correlations. 

-  From the comparison of the actual JENDL-4.0 and COMMARA-2.0 covariance data, we found both 
reasonable evaluation results and questionable ones among them.  There seems no "golden rule of 
thumb" to improve the real covariance data, therefore, the persistent efforts to solve the individual 
problems would be the only way to reach the success of the covariance fields.  The close conversation 
between the evaluators and the users of nuclear data could be a great help for this long and tough 
process. 

-  As the results of the trial survey to use the different covariance data in the SG33 adjustment exercise, 
the followings are observed: a) The adjusted C/E values were not significantly affected by the 
difference of covariance data between JENDL-4.0 and COMMARA-2.07.  b) On the other hand, the 
alteration of nuclear data by the adjustment was extremely controlled by the covariance data, that is, 
both the standard deviation values and correlations.  This difference of the changing rate of nuclear 
data would affect the extrapolation ability of the adjustment.  c) If some nuclear data have the finite 
uncertainty and sensitivity to the targeted integral parameters, they should be included in the 
adjustment data in principle, for example, the delayed neutron data to adjust reactivity parameters. 
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