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Abstract

A cross-section model for incoherent inelastic scattering of slow neutrons in liquid water is developed. The model is
expressed basically in terms of a width function (a mean squared displacement of a water molecule) and, equivalently, a
generalized frequency distribution (a vibrational density of states). The microscopic dynamics of water molecules is
fully described from very general considerations connected with jump diffusion, intermolecular vibration, hindered
rotation and intramolecular vibration. The model covers a wide time range of the order of 0.1 fs to 1 ps. Hence a full set
of double-differential and total cross sections for neutron incident energies from 0.1 peV to 10eV is calculable.
Satisfactory agreement with neutron-scattering and molecular-dynamics results is found at many different temperatures
between 0 °C and 100 °C. This indicates the usefulness of the present model for generation of an advanced cross-section
library for practical purposes.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction molecules has been largely clarified, which may be
summarized as follows:

Owing to the neutron scattering experiments

[1-6] and the molecular dynamics simulations

] ) e A water molecule is prevented from a simple
[7-11] in last two decades, dynamics of water

self-diffusion by a hydrogen-bonds network
formed with surrounding molecules [4].

e Translational diffusion and intermolecular
*Corresponding author. Tel./fax: +81-75-753-5836. vibration are repeated as a jump diffusion
E-mail address: edura@nucleng kyoto-u.ac.jp (Y. Edura). process [12]. The jump diffusion model for the
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translation on a large time scale of, say, >1ps
has been observed by the cold neutron scatter-
ing experiments performed by Teixeira et al.
[1,2]. It has been also shown that there are two
intermolecular vibrational modes, both bending
and stretching, with characteristic energies of
about 8 and 20 meV, respectively.

® Molecular rotational motion may be described
in terms of the rotational diffusion based on the
Sear’s expansion [11,13,14] in a large time scale
and the hindered rotation (librational vibration)
with a broad distribution of energies centered
about 80 meV in an intermediate time scale.

e Intramolecular vibration includes such three
normal modes as bending, stretching and asym-
metric-stretching. It depends on symmetries of
the molecular shape of water. The characteristic
energy of the bending mode is about 210 meV,
and the ones of the stretching and asymmetric-
stretching modes are in common about 460 meV
[5,6].

Hence it is desirable to develop a cross-section
model of neutron scattering in water molecules
which includes all the above-mentioned dynamics
systematically. Although several models have been
presented so far, most of them are based on the
free-gas description of molecular translation
[15-17], the simple diffusion description [18,19]
and the synthetic method for scattering functions
[20-22]. In the present paper, a new cross-section
model for slow neutron scattering in liquid water is
proposed. It covers a wide range of neutron
incident energies from 0.1pueV (ultracold) to
10eV (epi-thermal) and water temperatures from
0°C to 100°C. On the basis of a velocity auto-
correlation function (VACF) (v(0)v(¢)) and,
equivalently, a generalized frequency distribution
(GFD) (a vibrational density of states) D(w), a
variety of scattering functions are calculable: an
intermediate scattering function (ISF) 1,(Q,1), a
self-scattering function (SSF) S,(Q, ), a double-
differential scattering cross section (DDX)
d’¢/dQdE’, an angular distribution (AD) do/dQ
and a total scattering cross section (TSX) oy (E).
This permits us to generate a set of well-defined
cross-section libraries of water at many different
temperatures. They will be necessary for practical

purposes such as design and analysis of advanced
neutron sources, and nuclear energy research
and development. Another usefulness of the
model lies in the possibility of serving for further
study of physicochemical properties of liquid
water being characterized by a hydrogen-bonded
network.

Section 2 describes slow neutron scattering in
water in terms of the various scattering functions
mentioned above. On the basis of the recent
physicochemical results by neutron scattering
[1-6] and computer simulations [7-11], the cross-
section model applicable to the wide range of
neutron incident energies and liquid temperatures
is developed. Section 3 demonstrates many differ-
ent scattering properties by comparison with the
neutron-scattering and computer-simulation re-
sults [2,3,8,23-29]. Section 4 is devoted to the
concluding remarks. All the parameter values are
listed in Table 1.

2. Cross-section model
2.1. Scattering functions

The DDX of a water molecule may be expressed
using the SSF S?(Q, ) (X = H, O) by incoherent
approximation:

do K l @ _i_gi_lgc S?(Q, o)
4r 4 ) °

dQdE' ~ "k h
k/l O-2)h Gi(r)lc O
5 (—4n +_4n>Ss (0, ) (1)

where # is the Planck’s constant, k and k" are the
wave numbers for incident and scattered neutrons,
respectively, oX; and oX  are the bound-atom
coherent and incoherent scattering cross sections,
respectively, and Q and w are the momentum and

energy transfers defined as
hQ = hic — hic ()
ho=FE —E 3)

with the energies £ and E’ for incident and
scattered neutrons, respectively. Note that w>0
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Table 1
Physical constants and parameters for the present model
Definition Symbol (Unit) H O
Atomic mass MX (meV ps? /&*2) 0.1044 1.658
Bound-atom coherent scattering cross section Coh (batom™) 1.759 4.232
Bound-atom incoherent scattering cross section l’éc (batom™') 80.23 0.000
Absorption cross section oX(batom™') at 25meV 0.3326 0.000
Translational diffusion (d)
Diffusion coefficient D(T) (A2ps™!) 258.2 x exp(—2.108 1900)
Residence time 70(T) (ps) 1.548 x 107 x exp(2.648 1020
Effective mass MX(T) (meV ps® A-2) w0(T)kp T /D(T)
Intermolecular vibration (t)
Bending mode ef0at20°C 0.016

eX(T), hol| (meV) Eq. (55), 8.25 Eq. (57), 8.25
Stretching mode ef0 at 20°C 0.028

sf(z(T), hwlxz (meV) Eq. (55), 30.0 Eq. (57), 30.0
Rotational diffusion (RD)
Rotational diffusion coefficient Di(T) (ps~") (61rp(T))™"! —
Rotational relaxation time wrp(T) (ps) 0.0485 x exp<80 7) —
Bond length of H-O R (A) 0.91 —
Mass ratio MU/ mH 0.0006 —
Hindered rotation (HR) el at 20°C 0.5548

elR(T), hotly (meV) Eq. (56), 90.0 —
Intramolecular vibration (v)
Bending mode VI, hay1 (meV), oy (meV) 0.133, 210, 5.0 0.0233, 210, 5.0
Stretching mode vz’ hwy s (meV), a5 (meV) 0.133, 460, 10.0 0.0233, 460, 10.0
Asymmetric-stretching mode X, hoys (meV), oy 3 (meV) 0.133, 460, 10.0 0.0233, 460, 10.0

where i = 0.6582meV ps and kg = 0.08617 meV K~

and w<0 indicate energy-gain (up) and energy-
loss (down) scattering, respectively.

The SSF is defined by the Fourier transform of
the ISF IX(Q, 1):

SX(Q,w) = 1 / °°1§<(Q, 1) exp(iowt) dt. 4)
21 J_o

In the Gaussian approximation, the ISF can be
written as

2.0 = exp| -3 X0 ©

where WX(¢) is the width function (WF) and
defined as the mean squared displacement (Ar?)X

of a water molecule during the period ¢:
WX(1) = 3 (Ar*)X. (6)
Hence the VACEF is obtained by

wmmx3%%ww ™

and the Fourier transform of the real part of the
VACF gives the GFD DX(w):

X
D)= M tanh( hes )

371](3 T 2]{3 T
X / OORe[(v(O)v(t))X] exp(—iwt)dr  (8)
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where MX is the mass of an atom X, kg is the
Boltzmann constant and 7 is the absolute tem-
perature of water. It may be noted that WX(s) is
expressed with DX(w):

*d h
X0 = T / £ pX(w) {coth ( 2k“’T)
x (1 — cos wt) —1 sin cot}. 9)

Consequently, once DX(w) for water is given, all
the scattering functions can be determined imme-
diately. This is the principal method of cross-section
calculation in the present paper. In what follows, it
is assumed that translational, rotational and
intramolecular motions are independent. Namely,
1X(Q, t), WX(t) and D*(w) may be written as

Q.0 =50, 0) x ITR(Q,0) x IN(Q.0)  (10)
WX(t) = WE(0) + WX + Wi(t) (11)

DX () = Dy (o) + Dy(w) + Dy () (12)

where the subscripts T, R and V denote the
translational, rotational and intramolecular-vibra-
tional degrees of freedom, respectively.

2.2. Translational motion

The translational motion of a water molecule,
for both H and O, may be represented by a jump
diffusion process in a large time scale of r>1ps
and an intermolecular vibration in an intermediate
time scale of # ~ 1ps. This may be written in the
form

IX:(0, 1) = IX(0, 1) x IX(0, 1) (13)

where the subscripts d and t denote the jump
diffusion and intermolecular vibration, respec-
tively. For W3(¢), it may be given by

2

W) = WEO + ) e, W) (14)
m=1

where m = 1,2 denote the bending and stretching

modes, respectively, and &} are the weight

coefficients for each mode.

(a) The explicit expression for W3 (¢) is obtained
from the following physical requirements: In a

large time scale, a jump diffusion process with
the self diffusion coefficient D(T) and the
residence time 7¢(7") becomes dominant [2,3].
On the other hand, in a very short time scale, a
free-gas behavior for H or O will appear [9,10].
Hence we have

Wi = 2F(Q)<\/ i+ G0 - C(Q))

(15)
. h kT 5
_ —1 Mff(T) t+ Mff(T) © (<C(Q)
2I(Q)t (t>C(0)
(16)
where
B Dy(T)
O = @™ 4
X
cl) =120, 18)

It is obvious that, for > C(Q) and small Q,
O*WX(1))2 = Q*D(T)t showing a simple diffu-
sion while, for > C(Q) and large Q, O? Wff(t)/2 =
t/7o(T) indicating the residence effect of molecules
in a hydrogen-bonded network. This results in two
different quasi-elastic scattering peaks: the former
gives the half-width at half-maximum (HWHM) of
D(T)Q? and the latter yields the saturated one of
1/7o(T) with increasing Q. This is consistent with
the recent experimental results by Teixeira et al. [2]
and Cavatorta et al. [3]. It may be noted that C(Q)
is the delay time to distinguish between the jump
diffusion process and the free gas behavior. The
magnitudes of C(Q) and also I'(Q) are determined
through the model parameters D(T), 7o(7) and
MX(T):

e The values of D(T) as a function of T are
assumed to obey the following Arrhenius
behavior in the temperature range of interest:

1000
D(T)=258.2 x exp( 2.108 —)

(A" ps™) (19)
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where the coefficients 258.2 and 2.108 are
chosen by fitting Eq. (19) to the experimental
results [30-35].

e According to the experiments [2,3], o(7)
shows non-Arrhenius behavior in the
temperature range including super-cooled
region below 0°C. At temperatures above
0°C, however, it exhibits nearly the Arrhenius
behavior [23]:

1000
7o(T) = 1.548 x 107 x exp <+2.648 T)

(ps)- (20)

® The magnitude of an effective mass Mff(T ) is
determined on the assumption of C(Q) = to(T)
at Q = 0. Then we have

to(Tkg T

MI(T) = =5 @1

(b) The intermolecular vibrations are
simply expressed by the multi-phonon
model [19],

2
W (1) =22 {l—ex l O
tm tm p 4

22
where the pre-factor 4 is given by
2kgT
R == (23)
M Wi

and ¥, (m=1,2) are the characteristic
frequencies of each vibrational mode. In a
large time scale, Wf(m(t) tends to approach
A% corresponding to the Debye-Waller
factor in a crystal. The magnitudes of wX,
are determined by use of the neutron
experiments [24] and computer simulations
[8] for D’f(w).

(c) The whole expression for D>T((a)) is therefore
obtained by the substitution of Egs. (15) and
(22) into Eq. (7) and the Fourier integration

of the resultant VACF:

2
DY(w) = DY(®) + Y &5, D, () (24)
m=1
where
amX hw
X _ .

Di(w) = g sinh (2kB T) D(T)awK (ow)

(25)

DX () = —— — sinh

e o,
hoX :
X €Xp _(W>

2
w
— 26
with

h 2
°= \/ (W) + C(0)? (27)

and the modified Bessel function K; of
second kind for order 1.

X MX » . (m)

2.3. Rotational motion

Since a water molecule rotates in some degrees
around the center of mass very near the position of
O, the rotation of H is only treated while the one
of O is simply expressed as ISR(Q, )=1 and
Wg(t) = 0. Then ISHR Q,t) is assumed to be
composed of two different motions:

10,0 = 1% (0, 1) x IH1r(0, 1) (28)
WR(t) = WRp() + e WHr (1) (29)

where the subscripts RD and HR denote the
rotational diffusion and hindered rotation, respec-
tively, and el is the weight to be determined.

(a) In a large time scale, each molecule rotates in
its respective direction, i.e. without any
significant correlation to neighbouring mole-
cules. This yields a quasi-elastic scattering
whose HWHM is given by the rotational
diffusion coefficient D,(T) [13]. Accordingly,
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the rotational diffusion may be represented
by the Sear’s expansion model [13]:

1 L
Ip(Q.0) =~ > 21+ DFQRIF}()  (30)
=0

where

L
A=) QI+ 1)}(QR) (31)
=0

L =2 is selected as the maximum order of
expansion, R is the bond length between H-O
atoms and j,(QR) is the spherical Bessel
function for order /. The rotational correla-
tion function FI(7) is slightly modified to
include a nearly free rotation at very short
time:

1
F}l(1) = exp [— 3 O*Wip l(t)] (32)
where
WII—{ID /(D)

h
= 20/(Q) <\/t2 —i letT + Q) — C(Q))
(33)
u(g) = L DPAD) (34)
0

o a(QMY
Q)= kgiT' (3%5)

For t>¢(Q), WI;D,(Z) tends to approach
204(Q)t so that Fi(1) = exp[—I(I + 1)D(T)1].
The value of D,(T) is given in terms of the
rotational relaxation time trp(7T) [2]:

1

DA(T) = 6tan(T) (36)
where
tro(T) = 0.0485 x exp <+ ig;) (ps).

(37)

The expression (35) for the delay time ¢(Q) is
obtained by the requirement that WRp (7)
shows the free rotation behavior at very

small #:

h kg T
H - Bl
Wip(t) = —i i 1+ i £ (38)

(b) In an intermediate time scale of, say, about

1 ps, the rotation is largely hindered so that
only the hindered rotation with the character-
istic frequency wiy is possible. This has been
observed with the GFDs by experiment and
simulations [24,8,11] with a significant peak
around holly =80meV. Hence it may be
approximately reproduced as

(/JH 2
whe () = 2)§R{ 1 —exp [— %

where

. 2kgT

MR = (40)
M" opr

(c) The GFD D)é(w) for the whole rotational

motion is obtained by the procedure
2
H . H
We() =— 3310 0 In[Z (O, 1)] 41)

and substituting the resultant W} (7) into Egs.
(7) and (8):

DR(w) = DRp(®) + Dig(®) (42)
with the following two components for @ ~ 0
and why:

H
Do) =2 31 6) @)

T

M w ho
DER(w) = % CU—I]:I[R sinh (—)

2
X exp l_ (wigR) ] | (44)
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2.4. Intramolecular vibration

For the inner degree of freedom of a water
molecule, the three vibrational normal modes,
i.e. bending, stretching and asymmetric-stretching,
are included. These modes are assumed to
have narrow energy distributions centered
in the normal-mode energies hw,, (n=1,2,3)
[4,5,8]:

) {_ (o — o, ,1)2}

202

vn

1
[©) ex 45
DY (w) = N (45)
where gy, 1s the standard deviation of vibrational
energy for the mode n. Substituting Eq. (45) into
Eq. (9) and using the conditions that oy, <hw,,
and hw,,> kT, we have

Wi(n(t) = % {1 — exp(iwy ,t)
a%n 2
X eXp — Thz t . (46)

Hence, the WF WX(t) and the GFD DY v (w) for
intramolecular vibrations are written as

3
WI@ =3 W0 (47)
n=1
3
Dy(@) =) _ &, Dy, () (48)
n=1
where &X are the weights to be determined.

2.5. Transition to free atom cross section

The present model is required to reproduce free
atom cross section for epi-thermal neutrons
(Ez1eV). This is equivalent to the requirement
that WX(f) describes the free gas motion of atom
X at very short time (¢ ~ 0.1fs):

2
WX(t) = WO+ e W50 + Wib(0)

m=1

3
+er WHR(D + Y e, Wi () (49)
n=1

[

. h

Inserting the respective width functions into the
right-hand side of Eq. (49) and expanding the
result into the Taylor series around =0, we
obtain

MX(T)+Z tm MH+8HR+ZSVH_

m=1 n=1

(1)

It may be noted that the condition in Eq. (51) is
also derived from the normalization of the total
GFD to unity, namely

/ ” DX(w)dw = 1. (52)

0

The model parameters appearing in Eq. (51) are
determined by the following procedures:

(a) According to the GFD obtained by the
molecular dynamics simulation [8], the total
weights of intramolecular vibrations can be
estimated to be 0.4 for H and 0.07 for O. Then
we assume that

8\',"1=85'2=83,"3=0.4/3 (53)

e, =9, =9, = 0.07/3. (54)

(b) The value of M"/M" is estimated to be
~0.0006 at most in order that I':(Q,7) is
consistent with the one of molecular dynamics
[10,11] in terms of its relaxation in the time
range of 1-10ps. This implies that the
rotational diffusion is not significant, but
cannot be neglected, at the water tempera-
tures under consideration, as will be shown in
Fig. 2(c).

(c) The remains, i.e. &8 (T) (X =H,0;m = 1,2)
and el (T), are determined as follows: First
their magnitudes at 20°C are found from the
GFDs of molecular dynamics [8] and neutron
experiment [24], so that 1% =0.016, 1% =
0.028 and &9 = 0.5548. Then it is assumed
that each fraction of eX (T') and &'l (T) to the
sum total of them is the same with the one at
20°C. Finally, they may be written as a
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function of T through Mé((T):

H Eim
(D)= ol

n=1
(56)
8Ho MO 3 (6]
e0,(T) = 0 o (1_MQ(T)_;£W>

Note that the rotational motion for O is not
taken into account.

(d) All the values of model parameters are listed
up in Table 1.

3. Results and Discussion
3.1. Generalized frequency distribution

Fig. 1 shows the GFD D(w) for a water at 20°C
as a function of aiw up to 500 meV. It is defined by

1
D) =1 DH(w R Do(cu) (58)
where
1 (0] (0]
Teon e _ 06, (59)
2 O-coh + o-mc

The two components DY (w)/(1+¢) and
eD%(w)/(1 4 ¢) are also shown in Fig. 1 by the
dashed and dotted curves, respectively. By com-
parison with the results of neutron scattering [24]
and molecular dynamics [8], the following char-
acteristics are obvious: the translational diffusion
near 0 meV, the translational bending and stretch-
ing vibrations at about 6 and 20 meV, the hindered

o
8
[}

s Neutron Scatteri ng gehment for sz [24 ' ' '
oo Molecular Dynamics Simulation for H and O, respectively [8]
Present Model for H2O

[—emmoo- Its Component for H
,,,,,,,,,, Its Component for O o

é

o
8
N

Generalized Frequency Distribution [ps]

Fig. 1. The GFD of liquid water at 20 °C by the present model,
the neutron scattering experiment [24] and the molecular
dynamics simulations [8].

rotation of a molecule around 70meV, and the
intramolecular vibrations at 200 and 463 meV. The
hindered rotation is dominant only for
DY(w)/(1 +¢) as can be also seen from the
molecular dynamics results. On the other hand,
the component eD°(w)/(1 4 &) becomes significant
for the translational motions at lower energies.

3.2. Intermediate scattering function

The ISFs 17(Q,1) at Q=1.16 A~! for two
different temperatures of 25°C and 75°C are
calculated. The results are shown in Fig. 2(a) and
compared with the experimental ones by Sakamo-
to et al. [25] although the experimentally-estimated
mean squared displacements (Ar?)" are re-evalu-
ated in terms of the ISF given by
exp(—Q* HAr?)™). Tt can be seen from Fig. 2(a)
that the present model shows relatively a gentle
decay above ~ 0.5ps. One possible reason is that
(Ar*) has been estimated on the assumption that
the ISF is almost Gaussian in @, namely,
I?(Q, 1) = exp[—0*D(T)?]. Hence there may be
significant difference between the jump diffusion
and the simple diffusion in this Q- domain.

Fig. 2(b) shows the translational motion at
25°C in terms of IM(Q, ) for 0 = 1.16 A~!. Also
shown are the three relevant components: the
jump diffusion by I 4(0, ) and the intermolecular
bending and stretchlng modes by I'}(Q, 7). Various
relaxations inherent in these processes are clearly



Y. Edura, N. Morishima | Nuclear Instruments and Methods in Physics Research A 534 (2004) 531-543 539

1.0, T T T T
08l e Sakamotoetal.at 25°C[25] |
TR o  Sakamoto et al. at 75°C [25]
06l 20 Present Model at 25°C
: 00\\ . - = = = Present Model at 75°C
0.4f 0\\ e B
[SIEN .
o N )

c 02F 0‘~~\ N < 4
2 1@ ° ot~ o ¢ T
EEb————=
2 N\
=08t !
=
o 0.6 i
3 0.4
T Translation i
% A i Jump Diffusion
[ — Intermol. Vib. (Bending)
@ |- ==~ Intermol. Vib. (Stretching) .
E 1.0 = T T T T
g S
c 0.8 S .. - 4

0.6- i

(©
0.4 g
Rotation
02— = = - - Rotational Diffusion b
--------------------- Hindered Rotation
0% 2 ] 8 10

i 6

Time [psec]
Fig. 2. The ISFs of H for Q =1.16 AL (a) The calculated
I:'(Q, t) and the experimental values [25] at 25°C and 75°C. (b)

1".(Q, 1) for translational dynamics. (c) I'% (Q, 1) for rotational
dynamics.

demonstrated in Fig. 2(b). It may be noted that
slow dynamics by the jump diffusion arises in a
time scale of ~ 10 ps and is largely dependent upon
T through D(T).

Fig. 2(c) indicates the ISF for rotational motion
at 25°C by I1:(Q, 1) for Q = 1.16 A~ It is further
illustrated with the components for hindered
rotation and rotational diffusion by I%,:(0,1)
and I?RD(Q, 1), respectively. The former rapidly
and slightly decays and approaches a constant
value given by exp(—inER), while the latter
gradually decreases till ~ 10 ps, owing to the slow
relaxation as exp[—2D(T)1].

3.3. Double-differential cross section and
self-scattering function

Fig. 3 shows the DDXs of water at 26°C and
E =304meV for four different scattering angles of

0 = 30°, 60°, 75° and 90°. In order to compare the
calculated results with the experimental ones [26],
the former are convoluted with the Gaussian
resolution function R(E’) with the full-width at
half-maximum (FWHM) of AE" = 30.4meV

1 2
R(E) = Wi exp <— %) with ¢ = AE'/2.35.

(60)

For 6 = 30°, the quasi-elastic neutron scattering
(QENS) peak at E' =304meV is significant
though accompanied with a slight asymmetry
component by down scattering. This is due to
the exchanges of small energies between incident
neutrons and the slow dynamics of water mole-
cules like the jump diffusion and the rotational
diffusion. Also shown are the energy-loss inelastic

20— T T T T T T T T

101

30

201

10

ok
20
10F
250

] ; ] ; ] n
T T T T T T T
L o Neutron Scatteing Experiment [26]
ook Present Model (No Resolution)
Present Model (Resolution)

150 it -

Double-Differential Cross Section [b/eV/str/H20]

100

501

ri 1 L 1 .u
0 100 200 300 400
Scattered Neutron Energy E' [meV]
Fig. 3. The DDXs of water at 26°C for E = 304meV and
0 = 30°, 60°, 75° and 90°: the Harling’s experimental results [26]

and the present calculation with and without the energy
resolution correction.
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neutron scattering (INS) components: the shoulder
at E' ~220meV and the small peak at E ~
100meV are caused by the excitations of hindered
rotation and intramolecular bending mode, respec-
tively. On the other hand, with an increase in 0, the
INS tends to be dominant. It is mainly caused by the
recoil scattering in free H and O atoms. Such an
example is given of the DDX at 6 = 90° with two
broad peaks around E’ = 120 and 270 meV.

Fig. 4 shows the DDXs of water at 20°C for
cold neutron scattering with £ =1 meV for four
different scattering angles of 6 = 15°, 30°, 60° and
90°. The energy-gain INS is marked and broadens
up to about 100meV: the peak at 7meV, the
plateau around 25meV and the tail from 60 to
100meV arise from the de-excitations of the
bending and stretching modes of intermolecular
vibration and the hindered rotation, respectively.
The QENS peaks are very sharp and high even at
large 0, while the INS components are less
sensitive to an increase of 0. This results in almost
isotropic scattering in the energy range of cold
neutrons, as will be shown in Fig. 7.

To characterize the QENS for various 7 and Q,
a set of the scattering functions S(Q,w) for Q
ranging from 0.4 to 2 A~! is calculated. It is
defined by

5,0, w) = SH(Q, ») + S2(Q, w) (61)

with the small contribution of S?(Q, w) by e=
0.026. Typical results of S (Q,w) at 20°C and
75°C are shown in Fig. 5. The QENS peaks are
almost Lorentzian as described by the present
jump diffusion model. With increasing Q and T,
the QENS peaks broaden and become low. To
evaluate such Q-T dependence of the peaks, their
HWHMs are calculated and shown in Fig. 6 as a
function of Q2 at 5, 12, 20, 45, 56 and 75°C. Also
shown are the experimental results [2,3,23] and the
calculated ones with only the jump diffusion
process. The present model by the solid curves
are in satisfactory agreement with the experiments
for all temperatures shown. The jump diffusion
results by the dashed curves, however, are always
smaller than the others especially for 0*>2 A2,
though they tend to saturate to #/7(7) for larger
Q. This indicates that the HWHM under discus-
sion is composed of both QENS and INS

1
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Scattered Neutron Energy E' [meV]

Fig. 4. The DDXs of water at 20°C for E =1meV and
0 =15°30°, 60° and 90°.

components. In fact, the experimental results of
Teixeira et al. [2] and Cavatorta et al. [3] have been
obtained by estimating the translational jump
diffusion contribution from the QENS compo-
nents, thus yielding similar behavior to the
calculated jump diffusion ones. On the other hand,
those of Blanckenhagen [23] have been derived by
fitting a Lorentzian—Gaussian-convolution func-
tion to the experimental QENS peaks, so that the
INS component is adequately included even at
high T and Q.

3.4. Angular distribution
The AD of neutron scattering has been calcu-
lated numerically by

do(E,0) /‘X’dza(E’,E,Q)
dQ ), dQdE

dE'. (62)
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Fig. 5. A set of S (Q, w) for water at 20 °C (the top figure) and
75°C (the bottom one) for £ = 3.2meV and Q ranging from 0.4
to 2.0AL

Fig. 7 shows the results for E =10eV (epi-
thermal), 20meV (thermal) and 1meV (cold),
together with the experimental ones of thermal
neutron [27,28]. For an epi-thermal neutron, the
almost forward scattering is found by the recoil
scattering in free H atom: The result of ¢! cos 6 for
0<90° is also plotted by the dashed curve. The
small backward component above 90° may be due
to a nearly isotropic scattering in free O atom. On
the contrary, the cold neutron scattering shows an
nearly isotropic behavior though a backward
scattering slightly appears by the de-excitations
of intermolecular vibrations and hindered rota-
tion. The result of thermal neutron indicates a
mid-behavior between the above extremes and is
consistent with the experimental ones [27,28] in the
whole range of 6 shown.

3.5. Total cross section

The TSX o,(E) for water is calculated by
numerically integrating the DDX with respect to

14 ; ; 14 ; .

1o[ T=293K (20°C) 1415[T=348K (75°C) 1
< 1F =4 1F oo ,—-‘
3 o8l Jogk o/ ]
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2 i 14 .
% ost o8 27
S g oTeixeiraeta[2 Jogl o ]
s 04f loal o227 ]
® 0 1020 o Blanckenhagen [23] ]
£ 14 14 —t —t A
'D - <4 - <4
S 12p T=278K (5°C) J12fT=318K (45°C) ]
= 1 4 1F 3
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Fig. 6. The HWHMs of the QENS peak of S,(Q,w) at 5°C,
12°C, 20°C, 45°C, 56°C and 75°C: the experimentally-
estimated results [2,3,23] by o, A and [, the present model
by solid curves and the jump diffusion model by dotted curves.

0 and E’:
! x  d’¢(E,E,0)
O'S(E) = 27'[/;1(1((:05 0)/0 dE W

Also the total absorption cross section oll(E) for
two H atoms is found by a 1/v, law with a
neutron’s velocity vy:

(63)

25.
c(E) =2 x 0.3326 x % (b) (64)

with E in meV. Hence the total cross section o((E)
of H,O is expressed by oy(E) = ay(E) + cll(E).
The results of o((E) and ¢,(E) at 20°C and 75°C
are shown in Fig. 8 in the energy range from
0.1 peV to 10eV. Also shown are the experimental
o((E) from the BNL-325 [29] and the calculated
one by the Nelkin model [15] at room temperature.
The present model is in good agreement with the
experiment over the whole range of E. At lower E
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Fig. 7. The calculated ADs of water at 20°C for E = 1, 20 meV
and 10eV, together with the experimental results [27,28] for
E =20.4meV. The forward scattering in H and the isotropic
scattering in H,O are also shown by dashed curves: Us” =20.4b
and oy = 242b.

(<10meV), the slow dynamics of water has an
influence on ¢¢(E) by the slight departure from a
1/v, behavior, which cannot be seen from the
Nelkin model. With increasing 7, there appears
much more up-scattering due to the de-excitations
of various vibrational motions. In the energy range
above 1 eV, g((E) approaches the free atom cross-
section of 44.8 b for H,O.

4. Concluding remarks

A cross-section model of liquid water has been
successfully developed to be able to cover the wide
ranges of incident neutron energy from 0.1 peV
(ultracold) to 10eV (epi-thermal) and water
temperature from 0°C to 100°C. This is accom-
plished by a full description of microscopic
dynamics of water concerning the translational,
rotational and intramolecular degrees of freedom:
namely, jump diffusion and rotational relaxation
in a large time scale (1= 1ps), intermolecular
vibrations with bending and stretching modes,
hindered rotation in an intermediate time scale
(0.1fs<t<1ps), and free gas behavior in a very

o  BNL-325[29]
—-—-- Néekin Model at 23°C
- ——— Present Model at 20°C
—— Present Model at 75°C|

Total Cross Section [b/H,0]

10%+

448D
10t | | o | | | | N
10 102 10° 10? 10*

Incident Neutron Energy [meV]

Fig. 8. The total cross sections g(E) of a water molecule by the
present model at 20 °C and 75°C and the Nelkin model [15] at
23°C. Also shown are the experimental ¢((E) from the BNL-
325 [29] by open circles and o,(E) by dotted curve.

short time scale (#<50.1fs). Accordingly, the
dynamics of molecules inherent in liquid water
has been fully discussed by quantitative compar-
ison with both neutron-scattering and molecular-
dynamics results [2,3,8,23-29]. As a result of the
present study, the followings may be expected:

® The present cross-section model allows us to
generate advanced neutron cross-section li-
braries of water (H,O) at various temperatures.
Such libraries would be valuable for many
practical purposes in the fields of neutron
science and nuclear engineering.

o The present dynamics model may be generalized
to study heavy water (D,0O) dynamics in terms
of coherent and incoherent inelastic scattering.

® The model may serve as a useful aid in under-
standing various results by neutron scattering
study and computer simulation for liquid water.
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