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Abstract

On the basis of the cross-section model of liquid H,O, which has been developed in the previous paper, cold and
thermal neutron scattering in liquid D,O is described. The dynamics of liquid molecules, together with their static
distribution, is fully taken into account so that various results of neutron experiments and computer simulations are
well reproduced especially in terms of coherent scattering like the diffuse Bragg one. The model covers a wide range of
neutron incident energies from 0.1peV to 10eV at many different temperatures between 0 and 100°C. Double-
differential and total scattering cross sections are calculated by the use of a generalized frequency distribution and,
equivalently, a velocity auto-correlation function. Furthermore, a set of scattering laws and group constants for liquid
H,O and D,O is generated, which will be useful for research and development of an advanced neutron source and a
nuclear power reactor.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction (VACF) in a time scale ranging from 0.1fs to 1 ps.

Inherent molecular motions in liquid H,O are

In the previous paper [1], the cross-section model
for incoherent inelastic neutron scattering in light
water (H,O) has been developed. It is expressed as a
dynamics model of a single water molecule in terms
of a generalized frequency distribution (GFD) and,
equivalently, a velocity auto-correlation function

*Corresponding author. Tel.:/fax: + 8175753 5836.
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described by the jump diffusion and intermolecular
vibration due to the hydrogen-bond network,
together with hindered rotation and intramolecular
vibration. The double-differential and total scatter-
ing cross sections for incident neutron energies of
0.1 peV (ultra-cold)-10eV (epi-thermal) are calcu-
lated. The results show satisfactory agreement with
the neutron scattering experiments and computer
simulations at many different temperatures [2—11].
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The present paper generalizes the cross section
model of liquid H,O to the one of liquid D,O.
Coherent neutron scattering is treated in view of a
microscopic static structure and molecular mo-
tions. The dynamics of a D,O molecule is
described in the same framework with the one of
H;0 and determined using various model para-
meters through physical consideration and by
comparison with the results of neutron experi-
ments and computer simulations [5,6,12]. The
coherent scattering is simply expressed in the

Vineyard approximation [13] because of a wide
range of cross-section calculation for neutron
energy and liquid temperature. A set of partial
static structure factors (PSSFs) S¥(Q) for pairs of
X =DD, DO, OO, determined experimentally
[14], is utilized for description of interference
scattering from distinct molecules. The resultant
cross-section model is in contrast with such earlier
ones as Nelkin model and Honeck model [15,16]
that represent molecular translation by a free-gas
model, though they have been employed for

Table 1

Physical constants and parameters for the present D,O model

Definition Symbol (Unit) D O
Atomic mass M (meV ps* A~2) 0.2090 1.658
Bound-atom coherent scattering length ~ bcon (fm) 6.672 5.804
Bound-atom incoherent scattering binc (fm) 4.023 0.000
length

Absorption cross section o, (batom™') at 25meV 0.000519 0.000

Translational diffusion (d)
Diffusion coefficient DPZO(T) (A2ps)
Residence time

Effective mass

Intermolecular vibration (t)

Bending mode D0 at 20°C (= M0)
e 1(T), hol?© (meV)
20 at 20°C (= £l0)

ea(T), hoo3° (meV)

Stretching mode

Rotational diffusion (RD)

702°(T) (ps) (= 1°°(T)
MdDzO(T) (meV ps? A~2)

Rotational diffusion coefficient
Rotational relaxation time

Bond length of D-O
Mass ratio

Hindered rotation (HR)

Intramolecular vibration (v)
Bending mode

Stretching mode

Asymmetric-stretching mode

D22O(T) (ps7!)

by (T) (ps) (= Thp (1)
R (A)

MP/MP (= MY /M)

eBR at 20°C (= i

eDR(T), hwgﬁo (meV)

evl, hoP20 (meV), oy (meV)

vl
D,

62, ho3” (meV), oy (meV)

£v3, o 20 (meV), o, 3(meV)

258.2 x exp(—2.108192%) /1.28
1.548 x 107 x exp(2.648 1000)

w020 (T)ks T/ D2°(T)
0.016
Eq. (55) in Ref. [1], Eq. (7)  Eq. (57) in Ref. [1], Eq. (7)
0.028

Eq. (55)in Ref. [1], Eq. (7) Eq. (57) in Ref. [1], Eq. (7)

[6rpy (1] -
0.0485 x exp(80.7/kpT) —

0.91 —
0.0006 —

0.5548
Eq. (56) in Ref. [1], Eq. (8) —

0.133, Eq. (8), 5.0
0.133, Eq. (8), 10.0
0.133, Eq. (8), 10.0

0.0233, Eq. (8), 5.0
0.0233, Eq. (8), 10.0
0.0233, Eq. (8), 10.0

=)
m=0.1045meVps? A ~, h = 0.6582meV ps and kg = 0.08617meV K"
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generation of the widespread thermal neutron
scattering library ENDF/B-IV [17,18]. We have
newly constructed two cross section libraries in
different format, group constants (energy-aver-
aged cross sections) and scattering laws. The
former may be commonly used in a multi-group
neutron transport analysis and the latter in a
continuous-energy Monte Carlo calculation. By a
combination with the already-generated libraries
for liquid H, and D; and solid CH4 [19-22], we
may proceed to study design and analysis of an
advanced cold-neutron source [23-25].

The present paper is organized as follows.
Section 2 describes the double-differential scatter-
ing cross-section (DDX) model for cold and
thermal neutron scattering in liquid D,O. Section
3 demonstrates quantitative comparison with the
neutron experiments [5,6] and the computer
simulations [12] in terms of the GFD and the
DDX. Section 4 presents the scattering laws and
the group constants of liquid H,O and D,O
Section 5 is devoted to the concluding remarks. All
the parameter values of the model for liquid D,O
are listed in Table 1.

2. Cross-section model

The DDX for liquid D,O may be defined using
the self-scattering functions (SSFs) S?(Q, w) and
SS(Q, ) by the Vineyard’s convolution approx-
imation [13]:

d’c
dQdE’

O

bcoh DO(Q)}SD(Q )+ bO 2

D,0

bcoh { 1+ ZVDD(Q)

bD k coh

coh

coh

< { 1 +7°°(0) + 2?”‘1 VDO(Q)}SO(Q o)

+2]]€€bgc SP(0,w) + bmc S00.0) (D)

where the PSSFs S¥(Q) (X = DD, DO, 00) are

expressed as

PP = SPP(Q) -1,
1°°(0) =

P2(0) = SP°(0) - 1,
590 - 1. 2

k and k' are the wave numbers for incident and
scattered neutrons, respectively, b2, and b2, are
the bound-atom coherent scattering lengths, bmC
and b _ are the bound-atom incoherent scattering
lengths, Q and w are the momentum and energy

transfers defined as
hO = hik — hk 3)

ho=E —E @)

with the Planck’s constant # and E and E’ are the
incident and scattered neutrons energies, respec-
tively. Supposing that all y*(Q) = 0, Eq. (1) leads
to the DDX by incoherent approximation [1].
Note that >0 and w<0 indicate energy-gain
(up) and energy-loss (down) scattering, respec-
tively.

Eq. (1) describes coherent scattering in liquid
D,0 in terms of the product of the PSSF and SSF.
The former relates to the interference effect of
neutron scattering by distinct molecules and the
latter represents the motion of an individual
molecule. Hence the collective excitations of
molecules propagated through a hydrogen-bonds
network like phonon is out of consideration,
though they have been observed by inelastic
neutron scattering on the dispersion curve of
phonon [26,27]. The PSSFs S*(Q) are taken from
the experimental results estimated by the combi-
nation of X-ray, electron and neutron diffractions
[14].

Since the SSF model for liquid H,O has been
developed in the previous work [1], we apply it to
liquid D,0. The values of model parameters are
selected properly by the following physical con-
siderations.

e The diffusion coefficient DP 20(T) is assumed to
obey an Arrhenius behavior like liquid H,O and
have a magnitude determined by the fitting of
the experimental results [28-30]:

DO(T) = D*°(T)/1.28 )
where

1000
DMO(T) = 2582 x exp< 2.108 —> (A )

(6)
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and T is the absolute temperature of liquid D,O
in K.

® We identify a residence time ‘c(])) 29(T) in the
translational diffusion and a rotational relaxa-
tion time TE%O(T) in the rotational diffusion
with the corresponding ones for liquid H,O,

H,0 H,0 .
7> (T) and 135 (T), respectlgely.

e Characteristic frequencies w2~ (m=1,2) of
the intermolecular vibrations (bending and
stretching modes) may be determined from the

R H,0 R
corresponding ones ), by taking account of
the molecular mass difference between H,O and
DzOI

18
R0 =\ [B o, G

e The hindered rotation of a molecule and the
intramolecular vibrations (bending, stretching
and asymmetric stretching modes) are assumed
to take place around the center of mass very
near the position of O. Hence, their character-
istic frequencies cogﬁo and ov2° (n=1,2,3)
may be evaluated by taking account of the mass
difference between H and D:

1 1
onR = |30 and w?ﬁ°=\@w5‘5°. ®)

e It is assumed that the weights & ,u(T), eRx(T)
and &, , for each vibrational mode are the same
with those of liquid H,O, together with their
temperature dependence.

All the model parameters of liquid D,O thus
determined are listed in Table 1, whose values may
be comparable with those of liquid H,O [1].

3. Scattering properties of liquid D,O
3.1. Generalized frequency distribution

The GFD as a function of Aw is shown in Fig. 1
and compared with the result of molecular
dynamics simulation [12], in which two
components for D and O atoms are presented
for hw up to 400meV. There are four peaks in

0012 | T TV T T T T T
1 : \ Molecular Dynamics Simulation [12]
: DA O Component for D
|' '. ' ® Component for O
‘0 ! e 1 Present Model
< 0.008¢ % \ Component for D J
.5 i o\ e Component for O
ER o
= i L3P )
0 1 ©0)
0 0.004f 3& D .
P 5
Q Cé’ e o
S oo/ & ¢ )
> LOO /50° ‘f o Q
g P N ®e %
= N ®e o,
L R I R L Se o1 . 9¢°Q T3
3 0 20 40 60 80 100 120
N 0.01 T T T T -
g
)
c
o)
O 0.005
100 200 300 400

Fig. 1. GFD of liquid D,O at 20°Cin terms of two
components for D and O atoms, as compared with the
molecular dynamics simulation [12].

the component of D at about 5, 40, 150 and
340meV, which arise from, respectively, the
intermolecular vibration, the hindered rotation,
the bending and stretching modes of intramole-
cular vibration. For the component of O, the
translational motion of the molecule is dominant,
though the simulation’s result indicates appreci-
able contribution of the hindered rotation.
As a result, it may be said that the present
GFD is consistent with the one of molecular
dynamics [12].

3.2. Double-differential scattering cross section

Fig. 2 depicts the DDXs of liquid D,O at
26°C for E =213meV and scattering angle
0 = 30°, 60°, 75° and 90°. Also shown are the
results of the neutron scattering experiment [5].
The calculated results are convoluted with a
Gaussian resolution function having the half-
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Fig. 2. DDXs of liquid D,O at 26°C for E =213meV and
0 = 30°, 60°, 75° and 90°: the experimental results by Harling
[S] and the present model with and without the energy
resolution correction.

width at half-maximum (HWHM) AE/E = 10%.
The present model agrees with the experiment
especially in terms of the following features: a
quasi-elastic peak around E' = 213meV, down
(energy-loss) scattering due to the excitations
of intermolecular vibrations and hindered rota-
tion, and a slight peak at E' = 70meV by the
bending mode of intramolecular vibration. It may
be noted that, compared with the DDXs for liquid
H,O [1], the present ones indicate a significant
quasi-elastic component on account of the heavier
mass of D,0O.

3.3. Scattering law

The scattering law SP2°(Q, w) of liquid D,O
may be defined as

e \P° 0 [p
<deE/> =47rt;cBT 7500w ©

where

coh inc coh inc
(10)

The quasi-elastic component of SDZO((Qqu) is
calculated for Q ranging from 0 to 2.5A and
characterized in terms of the HWHM. The results
at 2 and 23 °C are shown in Fig. 3 as a function of
0%, together with those by the cold neutron
scattering experiment [6]. The static structure
factor S(Q) of liquid D,O at room temperature

oy =2(4mbly, + 4nbR.”) + 4nh0,” + dmbl.

T
°
2]
1 = I = | ‘ H
. e  Experiment [6] at 23°C
o Experiment [6] at 2°C
0.8F Present Model at 23°C 7
| —-—-— Present Model at 2° [y
%
E os6f il
= i |
g .
= 04f ST 9
e .-
L /_/
0ok 0/-/_0 0© m
L /'/—
7>
. ! - ' : '
0 2 4 6
QA

Fig. 3. HWHMs of liquid D,O at 2 and 23°C and the
molecular structure factor S(Q) defined by Eq. (12), together
with the results of the neutron scattering experiment by
Blanckenhagen [6].
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is also shown in Fig. 3, defined by

2 2
S(0) = HBu’S°(Q) + 48,10, 5”0+, ")
4P > 4 apP pO 40 7

coh coh“coh coh

(11)
= 0.486SPP(0) + 0.42257°(0) + 0.09205°°(0).
(12)

The calculated HWHMs increase monotonically
with Q?, while the experimental oneg indicate a
narrowing HWHM around Q*~4 A . The latter
is related to the behavior of the first peak of S(Q).
This means that the present Vineyard approxima-
tion is too simple to describe SP2°(Q, w), especially
with respect to collective excitations in the liquid.
Some improvement for the description of coherent
scattering has been made on liquid argon [31] and
liquid H, and D, [20].

4. Cross-section libraries of liquid H,O and D,O

As a result of the previous [1] and present
studies, it may be concluded that cross-section
models of liquid H,O and D,O have been
successfully developed over the range of incident
neutron energies from 0.1 peV (ultra-cold) to 10eV
(epi-thermal) and water temperatures from 0 to
100 °C. Hence the models may serve for generation
of an advanced neutron cross-section library
which would be useful for many practical purposes
in the fields of neutron science and nuclear
engineering.

4.1. Scattering law
Two sets of scattering laws, S™12°(0,w) and

SP20(0, w), for liquid H,O and D,O at 27°C are
calculated. They are defined by Eq. (9) and

d*e 0 o0 [F
<deE’> =ty VES T (20) (13)

where

coh inc inc

(14)

0320 = 2(4an : + 4l 2) + 47rb?0h2 + 4nb° :

a
10° 10% 10°® 102 10" 10° 10' 10?

=
o
w
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Fig. 4. Contour maps of the scattering law for liquid H,O at
27°C, by graphing log,,S™2°(Q, ») in O-w space. The right and
top axes express the dimensionless energy and momentum
transfers defined by ff = hw/kgT and o = (thz/Zm)/AokB T,
respectively, where m is the neutron mass, kg7 = 25meV and
Ao = 18 as the mass number of H,O.

and S™29(Q, w) is the scattering law of liquid H,O
[1]. The results for liquid H,O and D,O are shown
in Figs. 4 and 5, respectively, and are represented
in the form of a contour map on the two-
dimensional space of Q (A™!) and hw (meV).
The conservation laws of energy and momentum
for E = 10¢eV are also plotted so that the areas of
SH20(0, w) and SP2°(Q, w) on the O—hw space are
limited.

The whole scattering progesses occurring over
the range Q0 =0.01-100A  and hw = —10eV-
250meV are graphically represented:

® quasi-clastic scattering around Zw~0meV for
small Q,

® coherent, effect on SP29(Q, w) especially for
0~2A and ho~0meV,
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Fig. 5. Contour maps of the scattering law for liquid D,O at
27°C, by graphing log, S§P29(Q, ) in Q-w space. The right
and top axes express the dimensionless energy and momentum
transfers defined by f = hw/kgT and o = (thz/Zm)/AokB T,
respectively, where m is the neutron mass, kg7 = 25meV and
Ay = 20 as the mass number of D,0.

e up- and down-scattering due to the existence
of intermolecular vibration and hindered
rotation in the range of O~I1-10A  and
|hw|~5-50meV,

e down scattering by the excitation of intramole-
cular vibrations with o~ — 210 and —460 meV
for H,O and hw~ — 150 and —340meV for
D-O0,

e recoil scattering in H, D and O for large energy
transfer of hw< — 1 eV.

4.2. Multi-group constant
A set of multi-group constants (energy-averaged

cross sections) for liquid H,O and D,0 at 27°C is
generated (for the detailed definition, see Ref.

[22]). The energy range from 0.1 ueV to 10eV is
divided at equal logarithmic intervals into G = 80
groups. The angular distribution of scattering
cross section is represented by the Legendre
expansion up to a maximum order L = 3, which
is almost adequate for reproducing forward
scattering in free H, D and O by an epi-thermal
neutron. The weighting flux ¢(E) is a Maxwellian
plus 1/E spectrum with the same temperature as
water. The group constant for liquid H,O and
D,0 is defined by

S, 9—>9g

1

oV =on / d(cos0) o), (O)Py(cos 0) (15)
» g

where

1
S5 dEG(E)

E[/ 1 d , Eg—l d dzo_ Y
<f, e ] e (gair)
(16)

with ¥ = H,0 or D,0, P;(cos 0) is the Legendre
polynomial function of order /=0,1,2,3(= L),
and E;, and E,_; are the lower and upper

Y
Gs,g—)g’(e) =

Scattered Neutron Energy E' [meV]
102 10° 10*
= %

10

Q
»o

Nk orn

30

Initial Energy Group g
8

20

Incident Neutron Energy E [meV]

1 10 20 30 40 50 60 70 80
Final Energy Group g'

Fig. 6. Contour map of the transfer cross section os;ﬁco for

liquid H,O at 27°C. The right and top axes express the incident
and scattered energies, E and E’, respectively.
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Scattered Neutron Energy E' [meV]
0

10t 107 10° 10"
pa 5 10

10

Initial Energy Group g
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1 10 20
Final Energy Group ¢'

. . D,0
Fig. 7. Contour map of the transfer cross section G’g’q jq, for

liquid DO at 27 °C. The right and top axes express the incident
and scattered energies, E and E’, respectively.

boundaries of the g¢gth
(g=12,3,...,G).

Figs. 6 and 7 show the contour maps of og’ ;if;

0,D,0 . . g

and Og, N pa respectively, to illustrate neutron
isotropic (/ = 0) scattering associated with energy
transfer from FE (initial group g) to E’ (final group
¢'). They are characterized by quasi-elastic scatter-
ing along E >~ E’, down scattering for E'<FE and
up scattering for E<0.1meV (¢g>50) and
E'~1-100meV (20 < ¢’ <40).

The angular distributions f ; (0) of scattered
neutrons for an incident neutron of the gth energy
group are shown in Fig. 8 for liquid H,O and Fig.
9 for liquid D,0, in which /) (0) is obtained as

energy  group

y &2+
IqO0) = Z Z Y g1 (S 0). (17)
=0

= 4r

Liquid H,O indicates forward scattering with
increasing E above ~10meV and an almost
isotropic one for lower E. On the other hand,
liquid D,O exhibits an envelope line of coherent
diffuse-Bragg scattering in the range of
1 <E<20meV. This is indicated in terms of the
Bragg-scattering  condition = Qpp = 2k sin(0/2)

80 . . - : ; 104
70 F 0. E -3 —_
15°(0) °3
o 60 4 102 5
=3 L3
8 50 410 T
2 L@
S 40 + 1100 ¢
o] ]
: :
© z
g |5
S
o
£

L s s 104

90 120 150 180
Scattering Angle 8 [degree]

Fig. 8. Contour map of the angular distribution f;‘zo((?) for
liquid H,O at 27°C. The right axis expresses the incident
neutron energy E.

T
0.15 =—

==== Bragg-Scattering
70t Condition

D20 s
fg*(9)

Initial Energy Group g
Incident Neutron Energy E [meV]

0 30 60 120 150 180
Scattering Angle 8 [degree]

Fig. 9. Contour map of the angular distribution f ?20(0) for
liquid D,O at 27°C. The right axis expresses the incident
neutron energy E.

o —1
under Qpp =2A  at which the first peak of
S(Q) is located (see Fig. 3).

Fig. 10 shows the total cross sections o} 29(g)
and o? 20(g) and the total absorption cross section

a?zo(g) for H,O, together with the experimental
values of BNL-325 [11]. Note that o}(g) =

¥ (g)+aX(g) and ¥ (9) = qu:l 0'2)’5_) , though

or 20(g) is too small for the graphical presentation.
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10° —r+———7r—1— 77— 7
L From BNL 325 [11] J
O LiquidH,0
10* < Liquid D,O
—— Group Congtant at 27°C

Total Cross Section [b/molecul€]

Incident Neutron Energy E [meV]

Fig. 10. Total cross sections of liquid H,O and D,O at
27°C and the total absorption cross section of H,O, together
with the experimental results from BNL-325 [11].

The diffuse-Bragg scattering inherent in liquid
D,O is obvious around E~3meV and the transi-

tion of o*tH 29(g) and o? 29(g) to respective free atom
cross sections is observed for E>1¢eV.

5. Concluding remarks

The double differential cross-section models for
cold and thermal neutron scattering in liquid H,O
and D,0 are developed. The dynamics of mole-
cules in the liquids is fully taken into account over
the time range from 0.1 fs (a free-gas like behavior)
to 1 us (slow relaxation by diffusion). An effect of
coherent scattering is also included simply by the
Vineyard’s convolution approximation. A variety
of scattering results by experimental measurement
and computer simulation are compared with the
models, so that it is assured that the models are
applicable to the wide range of neutron energies
0.1 peV-10eV and liquid temperatures 0—100°C.

Two kinds of cross-section libraries for liquid
H,0 and D,0 at room temperature are generated.
The scattering laws will serve as a basic cross-
section library in the fields of neutron science and

nuclear technology: for instance, they may be
useful for continuous-energy neutron transport
(Monte Carlo) analysis and interpretation of
neutron scattering results on various aqueous
solution. The group-constant sets will be utilized
for design and analysis of a neutron source and a
nuclear reactor. By the combined use of the group
constants for liquid “He, H,, D,, and CH4 and
solid CHy4 [20-25,32,33], it will be possible to
proceed with the research and development of
advanced pulsed and steady-state sources for
ultra-cold, cold and thermal neutrons.
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